The time-wise and space-wise approaches are generally applied to data processing and error analysis for satellite gravimetry missions. But both the approaches, which are based on least-squares method, address the whole effect of measurement errors and estimate the resolution of gravity field models mainly from a numerical point of view. Moreover, requirement for higher accuracy and resolution gravity field models could make the computation more difficult, and serious numerical instabilities arise. A direct analytical expression between power spectral density of the satellite gravimetry measurements and spherical harmonic coefficients of the Earth's gravity model is derived based on twodimensional Fourier description. This method provides a physical insight into the relation between mission parameters, instrument parameters and gravity field parameters. In contrast, the least-squares method is mainly based on a mathematical viewpoint. By taking advantage of the analytical expression, it is efficient and distinct for parameter estimation and error analysis of missions. It is easy to obtain from the analytical relationship that the low-frequency noise affects the gravity field recovery in all degrees for the instance of satellite gradiometer recovery mission, which agrees with the work before by the numerical error analysis methods.
Introduction
The Earth's gravity field with unprecedented high accuracy and resolution is mapped by new dedicated satellite gravimetry missions during the past decades. The corresponding methods of error analysis, which determine science requirements and mission parameters, need be improved. Currently, these methods for satellite-to-satellite tracking (SST) and gradiometry are mainly based on least-squares (LS) theory and basically divided into two types: the time-wise approach and the space-wise approach (see, e.g. Rummel et al. 1993; Reigber et al. 2005; Pail et al. 2011) .The former treats the observations as a sequence of discrete time series along the orbit, which leads to a relation between the Fourier and the spherical harmonic coefficients by a huge linear system of equations with a large number of unknowns and be suitable to analyze the orbit characteristics. The latter treats the measurements as a function of spatial coordinates, which analyzes the data on a specific grid on the mean orbital sphere with spherical harmonics. Compared with the time-wise approach, the space-wise approach splits the linear system of equations into smaller systems, which can be solved more easily (Sneeuw 2003) . Further details of these approaches can be also found in, e.g. Schuh (1996) ; Klees et al. (2000) ; Tscherning (2001) and Pail and Plank (2002) .
The solution to the equations based on LS has the optimum statistical properties, but both the time-wise and spacewise approaches address the effect of measurement errors and estimate the resolution of gravity field models mainly from a numerical point of view. Especially the latter method has treated measurement errors as white noise and ignored the actual noise increases with 1/ f at lower frequencies for a long time (Schrama 1990; Sneeuw et al. 2005) . The main reason is that spherical harmonics are represented in spatial domain but noise is measured in time domain, so the procedure to estimating the effect of noise is too complicated to be described analytically (see Migliaccio et al. 2004) . The latest and incoming gravitational models with increasing accuracy and resolution make the computation more difficult since the computation becomes huge and serious numerical instabilities arise when degree/order of models gets higher (Gruber et al. 2011) . Sneeuw (2000) presented the semi-analytical approach, which obtains the 2-D Fourier spectrum first by Fourier analysis and then transforms the Fourier coefficients into the spherical harmonic coefficients. In the latter step, the relationship between spherical harmonics and 2-D Fourier spectrum cannot be analytically given and must be preceded with applying least-squares. A similar relationship is also presented in Sneeuw and Bun (1996) . These works made a significant contribution to the progress of efficient computation of gravity field recovery; however, these methods cannot lead to directly evaluate the frequency characteristics of measurement noise which affects spherical harmonic coefficient recovery due to the lack of analytical expression.
This study derives analytically a direct relationship between the power spectral density (PSD) of the satellite measurement errors and coefficients of the Earth gravity potential using a method based on two-dimensional (2-D) Fourier theory, which provides a physical insight into the relation between mission parameters, instrument parameters and gravity field parameters.
Spectral analysis of the Earth's gravity field
The Earth's gravity field satisfies the Laplace equation and can be expanded into a series of spherical harmonics (Heiskanen and Moritz 1967) . In this study the following spherical harmonics representation for the Earth's disturbance potential T is adopted: The potential coefficients C lm and S lm are the unknown coefficients that should be estimated from observations as the solution of the gravity field recovery problem. Observations n could be scalar, vectorial or tensorial depending on the space sensor. The mapping from the disturbance potential T to the observations n could be represented in the following way:
where L stands for the mapping. More details of the mappings for different kinds of space sensors can be found in Sharifi (2006) and Sneeuw (2000) . In this study we shall focus on the T zz component, since it is easy to be used to exploit the relationship between measurement errors and coefficients of gravity potential. The second-order radial derivative with respect to local north-oriented frame, whose z-axis is pointing upwards in geocentric radial direction, x-axis towards the north and the frame is right handed, is given by (see Koop 1993) :
By applying the orthogonality property of spherical harmonics, the average power of the measurement errors of T zz over all degrees, denoted as σ 2
T zz
, whose square root can be obtained in the form (Ilk et al. 2004 )
where σ C lm and σ S lm are uncertainties of C lm and S lm , respectively. This means that uncertainties of C lm and S lm are dependent on measurement errors. Generally, the square root of the average power per degree of potential coefficients uncertainty is defined as error degree amplitudes σ l
whose square is error degree variances, denoted as σ 2 l . For a specific value of l, the summation over l at the right-hand side of Eq. (4) should be removed, and the square root of error average power σ T zz at the left-hand side replaced with the square root of error degree power σ T zz ,l , which represents the error average power introduced in the l-th degree. Then, one can obtain the relationship in the form
with
In practice, the gradient tensor components are precisely measured using the gradiometer with other auxiliary instruments on board the satellite, and then the Earth's gravity field could be recovered by these measurements. As a result, the instrument errors would cause uncertainties of the spherical harmonic coefficients. It is common to characterize instrument errors spectrally by one-sided PSD, which describes the amount of power in an infinitesimal spectral band d f , generally denoted as S zz ( f ). Then the average power of the measurements errors of T zz can be obtained, whose square root is written as follows:
Considering the fact that the along-orbit signal T zz consists of discrete spectral lines, the error PSD should be integrated over the spectral resolution f to get the error amplitudes σ i for a certain spectral line f i as follows (Sneeuw 2000) :
In principle, the width of f is the distance between two neighbouring spectral lines. When the length of a time-series is T r , the spectral resolution is f = 1/T r . It should be noted that this rule of thumb only applies to the static gravity field as a single result of the whole mission, i.e. ignoring the time-variable components and related effects. There are several spectral lines in a certain degree due to the fact that the spherical harmonics can be expanded into sums of sinecosine series (details will be discussed in Sect. 3); the error degree power σ 2 T zz ,l should be presented by integrating the PSD over several tiny frequency bands. In order to avoid confusion, the spectral lines belonging to the l-th degree and the corresponding error amplitudes are defined as f j and σ j ; then one obtains
With the combination of Eqs. (6) and (10), the transfer function between T zz error PSD and error degree amplitudes is obtained (cf. Cai et al. 2012) , except that the spectral lines f j , i.e. the temporal frequencies corresponding to the l-th degree spherical harmonic coefficients, have not be determined yet, which will be discussed in the next section.
Temporal frequencies determined by 2-D Fourier method
Generally, actual instrument noise is colored, especially for the low-frequency range, namely, 1/ f characteristic noise (see ESA 1999; Pail et al. 2010) . The temporal frequencies corresponding to the l-th degree spherical harmonics need to be located in the frequency axis, since the contribution of noise is different between high frequencies and low frequencies. In this section, the relationship between the spatial frequencies and the temporal frequencies is established by using 2-D Fourier method. Over the mission duration, the satellite samples the measurements at a certain velocity along the orbit, and so it is natural for us to try establishing the relationship by the velocity. In order to facilitate a better understanding, a simple case, which works on the assumption that there is only a single-frequency signal in both the latitudinal and longitudinal directions, will be first discussed, and then the temporal frequencies corresponding to spherical harmonics will be analyzed.
Temporal frequencies determination for a single-frequency signal in both the latitudinal and longitudinal directions
To get a better understanding of the relationship between temporal frequencies and spherical harmonics, we assume first that the single-frequency signals, cos qθ and cos pλ (q, p are constants, and represent the spatial frequencies), are along the latitudinal and longitudinal directions, respectively. Additionally, this study bases on the theoretical hypothesis that an instrument orbits on a polar circular orbit and observations are acquired when the tracks are along the lines of longitude at equi-angular intervals (Sneeuw 1994; Sneeuw and Bun 1996) , as shown in Fig. 1 . If the measurements, taking a line as unit, are not arranged in the order of longitude, they need to be rearranged. This procedure has no effect on error characteristics under the postulate of stationary stochastic noises. It should be pointed out that all hypotheses are beneficial to the essence of the problem in spite of some difference in reality. To fulfill the 2-D sampling theorem, the maximum spatial sampling intervals in the latitudinal and longitudinal directions are π/q and π/ p, respectively (Colombo 1981) . Accordingly, the spatial single-frequency signals with the sampling conditions can be defined as
Due to Kepler's third law, the angular velocity ω (unit: rad/s) of the satellite is determined by ω = G M/r 3 . The maximum degree of the Earth's gravity field model, the number of the points in a latitude line and the number of the longitude lines are denoted as L, K θ and K λ , respectively. Then, the conditions K θ ≥ L and K λ ≥ 2L should be satisfied based on 2-D sampling theorem, since the co-latitude θ goes from 0 to π and the longitude λ goes from 0 to 2π . Based on the aforementioned assumptions, the angular velocity in the latitudinal direction ω θ equals ω, and the velocity in the longitudinal direction ω λ equals
and then the signals can be expressed in the time-dependent form ⎧ ⎨ ⎩ cos qθ = cos(qωt)
The corresponding frequencies in the latitudinal and longitudinal directions are defined as f q and f p , respectively, as follows:
Based on modulation theorem, the temporal frequency of the time series f q, p is defined by (Oppenheim et al. 1997 )
This shows that temporal frequency is determined by the constants q and p. For this reason, the spatial frequencies in the latitudinal and longitudinal directions need to be computed. Additionally, the value of f q, p is mostly determined by q, since K λ is a large number in reality. In this subsection, the relationship between spatial domain and time domain is derived and lays a foundation for determining temporal frequencies corresponding to spherical harmonics.
Temporal frequencies determination for spherical harmonics
In this subsection, spherical harmonics are first expanded into sums of sine-cosine series, and then the corresponding temporal frequencies are determined based on the aforementioned result. The spherical harmonics Y lm (θ, λ) are defined as follows:
where
and the normalized Legendre function P lm (cos θ) is given by Colombo (1981) :
with (17), it is also seen that the maximum degree of P lm (cos θ) is l, since the highest frequency term corresponds to the highest frequency term sin m θ cos l−m θ . The degree of the terms decreases by a step size 2 when k runs from 0 to L(l, m), so P lm (cos θ) has (l/2 + 1) terms for l even, and [(l − 1)/2 + 1] for l odd. Using trigonometric product sum identities, we can obtain the normalized Legendre function P lm (cos θ) as follows:
for m is even, and
for m is odd, with
where C i and S i are the coefficients of Fourier series. Substitution of Eq. (18a, 18b) into Eq. (17) yields
for m is odd. From Eq. (19a, 19b) it is obvious that spherical harmonics are equivalent to a sum of terms of 2-D Fourier series. As a result, the temporal frequencies corresponding to spherical harmonics can be determined by the results in Sect. 3.1.
We can derive the temporal frequencies from Eq.(15) for the l-th degree spherical harmonics when q and p are determined. Equation (19a, 19b) means that they are a sum of terms of the form sin mλ and cos mλ in the longitudinal direction, and sin (l − 2i)θ and cos (l − 2i)θ in the latitudinal direction. From Eq. (19a, 19b) we can also derive the spatial frequencies contained in the latitudinal and longitudinal directions of l-th degree spherical harmonics, i.e. the spatial frequencies in the longitudinal direction p = 0, 1, 2, 3, . . ., l, since the orders m = 0, 1, 2, 3, . . ., l only; in the latitudinal direction q = 0, 2, 4, . . ., l for l even, and q = 1, 3, 5, . . ., l for l odd, since i = 0, 1, 2, . . ., N (l). Because q = l − 2i, q and l always have the same parity, and then the temporal frequencies for the l-th degree spherical harmonics Y lm (θ, λ) are obtained using the Eq. (15). The temporal frequencies for l = 0, 1, 2, 3, 4, 5 are shown in the Fig. 2 . Figure 2 shows that parts of the temporal frequencies for the l-th degree spherical harmonics are the same as for lower degree spherical harmonics, such as both f 1,0 and f 1,1 for l = 1 and l = 3. In order to estimate the error average power introduced by the l-th degree spherical harmonics, the temporal frequencies contained in the lower degree spherical harmonics have to be deducted from the l-th degree. In Fig. 2 , the elements labeled in gray in each l-th degree spherical harmonics refer to the additional elements compared with the lower degrees (≤ l − 1) and are summarized as follows:
for l is even, and
for l is odd, where A-class, B-class and C-class frequencies stand for the last column (q = l), and last two rows ( p = l −1, l), respectively. There are (2l +1) frequencies for l even and 2l frequencies for l odd. In addition, Eq. (17) indicates that every degree spherical harmonics have low-frequency signals, whose frequencies range from close to zero for l even and from close to one cycle-per-revolution (cpr) for l odd. As a result, all degrees spherical harmonic coefficients recovery is affected by low frequency noise. After this being said the effect of low-frequency noise in all degrees is shown experimentally. For this purpose, it is assumed altitude h = 250 km and mission length T = 2 months (a full repeat period), which determine the velocity ω and the longitude lines K λ , respectively. The temporal frequencies introduced by l = 4 and l = 5 are computed according to Eq. (20a, 20b) , as shown in Table 1 .
It is obvious that A-class frequencies are close to l cpr (1 cpr ≈ 1.86 × 10 −4 Hz); but B-class and C-class contain the frequencies close to zero frequency and 2 cpr for l = 4, the frequencies close to 1 and 3 cpr for l = 5. As a result, the recovery of high degree spherical harmonic coefficients is also affected by low-frequency noise.
With the combination of Eqs. (6) and (10), the direct relationship between the PSD of the satellite measurement errors and the coefficients of the Earth gravity potential can be derived analytically as follows:
where f j is given by Eq. (20a, 20b) . This result explicitly expresses the relationship, which enables us to evaluate the frequency characteristics of measurement noise quantitatively and directly. Moreover, the instrument accuracy scales linearly with the output error degree amplitudes when the noise is white over the entire measurement spectrum.
Simulation and discussion
As mentioned earlier, conventional methods can be used to address the effects of measurement errors and estimate the resolution of gravity field models from a numerical point of view and generally treat errors as white noise. In this section, this study investigates analytically the problems based on the aforementioned results.
White noise versus colored noise
The noise performed by gradiometers is significantly larger at both ends of the spectrum. The high-frequency tail of the noise spectrum, which is higher than measurement bandwidth, is generally disregarded by using a low-pass filter (ESA 1999; Mayrhofer et al 2010) . The frequencies close to the zero frequency are not measurable at all for the limit of measurement duration. In order to evaluate the effect in the whole range, three noise models are introduced in this study. It is assumed that the gradiometer noise is white over the entire measurement spectrum with a level of about 20 mE/ √ Hz for the white noise model (Rummel et al. 2011 ). The characteristic of colored noise model 1 is smoothed approximation of 1/ f behavior below 27 cpr (≈ 0.005 Hz), and almost flat spectrum in the measurement bandwidth, whose PSD defined by means of the analytic function:
where S 0 = 20 mE/ √ Hz, f 0 ≈ 0.005 Hz and α = 2. It should be pointed out that the parameter α is assigned a value of 1 by Ditmar et al. (2003) , but assigned a value of 2 in this study, so that the actual characteristics can be more perfectly recovered. Colored noise model 2 is the same as colored noise model 1, except that beyond 2 cpr a flat spectrum with an amplitude in the order of the 2 cpr level was assumed (Schuh 2002) . Figure 3 shows that all the spectral noise models as well as the GOCE gradiometer error PSD of gravity gradiometry tensor V zz , which is based on two months of GOCE observations covering November and December 2009, i.e. a full repeat period.
Besides the assumptions mentioned above, the following parameters have been also used for the simulations: orbit height 250 km, mission duration 2 months and inclination 90 • . Based on the results in Sect. 3, error degree power can be derived from Eq. (10) , and error degree amplitudes from Eq. (21), as shown in Figs. 4 and 5, respectively. Based on Kaula's rule, the maximum degree of the Earth's gravity field model is up to 203 from the white noise model; however, only 137 from colored noise model 2, and almost no information from colored noise model 1, as represented in Figs. 4 and 5 . Moreover, the error degree amplitudes of colored noise models is higher about 2 ∼ 3 orders of magnitude than the white noise model in whole range. It shows that the gradiometry 1/ f colored noise in the low-frequency range will seriously degrade the accuracy and resolution in all degrees. As mentioned in Sect. 3.2, the reason is that every degree spherical harmonics have low-frequency signals.
Another significant phenomenon is that error degree amplitudes are obviously a saw-tooth curve which fluctuates up and down depending on parity of l, crests for l even and troughs for l odd. The result has also appeared in the works by Rummel et al. (1993) and Migliaccio et al. (2004) , which analyze gravity field recovery with colored noise. This can also be explained by the results in Sect. 3.2. When colored noise model applied, the error degree power is determined not only by the number of frequencies, but also by the location of the frequencies in the spectrum, i.e. the values of the frequencies. Equation (21), Table 1 and Fig. 2 show that the spherical harmonics contain the frequencies close to the zero frequency for l even, e.g. f 0,l and f 0,l−1 , as well to one cpr frequency for l odd, e.g. f 1,l and f 1,l−1 . The PSD of 1/f colored noise is higher by several orders of magnitude at the frequencies close to the zero frequency than other frequencies, so when l is even, the power introduced by l-th degree harmonics are larger than the (l − 1)-th and (l + 1)-th degrees. As the noise is white noise, the power introduced by l-th degree is only determined by the number of the frequencies, which is monotonically increasing function of l; Magnitude [dB] filter 1 filter 2 filter 3
Fig. 6
Magnitude-frequency characteristics of band-pass filters therefore, the error degree amplitude under the condition of white noise is a smooth curve.
Influences of filters
Any data analysis from a gravity field mission has to apply a proper filter to obtain the available information with high efficiency (see Pail et al. 2007 Pail et al. , 2011 . For the purpose of exploiting the influence of filters, here three band-pass filters are employed on colored noise model 2: filter 1 with a bandwidth 0.8 mHz-0.1 Hz (∼4-537 cpr), filter 2 with a bandwidth 2 mHz-0.1 Hz (∼11-537 cpr), and filter 3 with a bandwidth 5 mHz-0.1 Hz (∼27-537 cpr), i.e. the interested measurement bandwidth of GOCE, as shown in Fig. 6 . The noise outside of the measurement band is obviously attenuated by the filters. Then the error degree power and the error degree amplitudes for the filtered data are derived, as shown in Figs. 7 and 8, respectively. Figures 7 and 8 show that the influence of 1/f colored noise is decreased caused by the reduction of the bandwidth of filters. The maximum recovery degrees of the gravity models applied the filters are 168, 199 and 204, respectively. Due to the lower cutoff frequencies of filters 2 and 3, which are 11 and 27 cpr, error degree amplitudes are obviously attenuated in the range of degrees l ≤ 11 and l ≤ 27, respectively. Fig. 8 shows that the error degree amplitudes are reduced in the whole range for the reason that the colored noise in the low frequency is filtered out. Certainly, the effect at lower degrees caused by the 1/ f behavior is more obvious than higher degrees since the number of high frequencies increases with degrees.
It is also noted that the rest in the measurement bandwidth is almost white noise when the 1/ f behavior below 5 mHz is filtered out by filter 3. Then, the error degree power is mainly determined by the number of the frequencies above 27 cpr, which is more than a half of the total number at least and increases with degrees. As a result, the error degree amplitudes of the colored noise model 2 filtered by filter 3 and of the white noise model are almost the same above degree 27. However, the signals of gravity information at low frequencies are also filtered out when filters are employed. This will induce a problem that all coefficients of the gravity field model, which are only derived from high-pass filtered gradiometric data, are distorted, due to the fact that every degree spherical harmonics have low-frequency signals. So the question whether spherical harmonic coefficients are or not the best parameters to represent the potential is always debatable Sansò and Tscherning 2003 . In order to solve this problem, a probably effective method for recovering the coefficients of the Earth's gravity field is to combine data from the gradiometric measurements and other kinds of observations, such as SST, satellite altimetry and terrestrial measurements, which are sensitive to the low-to-medium frequency constituents of the Earth's gravity field without a filter to reduce the low-frequency signals. However, it still needs careful study.
Conclusions
Based on the 2-D Fourier method and modulation theorem, a direct and analytical expression between spherical harmonics and measurement errors is derived mainly from a physical viewpoint. It is significant for evaluate the effect of noise in different frequencies range, since the realistic noise is generally colored. This study also exploits the effect of colored noise and filters on data analysis by taking the advantage of the analytical expression. The method is verified to be an efficient and convenient procedure, especially for high accuracy and resolution gravity field models. Moreover, the results indicate that the low-frequency noise degrades the gravity field recovery in all degrees, which agrees with the results discussed by Migliaccio et al. (2004) , so the colored noise must be processed carefully.
It should be noted that this study is based on the hypothesis that the satellite orbit is a polar circular orbit and observations acquired along the lines of longitude, i.e. ignoring the Earth rotation and related effects. However, the realistic orbit is elliptical and inclined. Generally, in reality the orbit has an eccentricity so small as to hardly have an impact on the method of error analysis in this study. For example, owing to the fact that the eccentricity of the GOCE orbit is smaller than 2 × 10 −3 , the variation of satellite velocity per circle is not more than 0.5 % by applying the Kepler's law, and then the variation of f q, p in Eq. (15) is also not more than 0.5 %. Therefore, the result obtained in this study is applicable for the orbit with a small eccentricity in practice. Additionally, it is probably meant to deal with the polar gaps using the additional information of polar regions or a further research of 2-D sampling methods. Briefly, the realistic orbit could cause an inhomogeneous data distribution and a lower accuracy and resolution model. Notwithstanding its limits, the essential relationship is clearly indicated.
In this study, only the gravity gradient component T zz has been dealt with, and then the method could be also applied to discuss the effects of other kinds of observables. Consequently, the other kinds of gradient components, high-low satellite-to-satellite tracking (hl-SST) and low-low satel-liteto-satellite tracking (ll-SST) could be further analyzed based on this idea.
